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Introduction
The fundamental group - scheme was introduced by M. Nori in [3,4]. In
the same paper he had made 2 conjectures [4]. The first conjecture was
proved by the present authors in [2]. In an attempt to prove the second
conjecture, we had introduced the“local fundamental group-scheme” which
is defined only in characteristic p. In this note, we gather together some
necessary and sufficient conditions for it to base-change “correctly” from one
algebraically closed field to another algebraically closed field of characteristic
p.
1
Section I
We define the local fundamental group scheme, denoted by piloc,as follows:
Let X be a smooth projective variety over an algebraically closed field
of characteristic p, and let F : X → X be the Frobenius map. Let FT (X)
denote the category of all vector bundles V on X such that F t∗(V ) is trivial
for some integer t. Fix a base point x ∈ X and let T : FT (X) to Vect k be
given by V → Vx. One checks easily that FT (X), with the fibre functor T , is
a Tannaka category [1]. The corresponding affine group - scheme is defined
to be the local fundamental group-scheme of X , denoted by piloc(X). Note
that piloc(X) is defined only in characteristic p.
Remark 1 We have a canonical surjection pi(X) → piloc(X), where pi(X)
is the fundamental group scheme as defined by Nori in [4].
Remark 2 Recall that all varieties are smooth and projective, and defined
over algebraically closed fields of characteristic p. Now we have
Lemma 1.1 a) If V ∈ FT (X), then V is semistable for any polarization
H on X .
b) If V is stable for 1 polarization, then V is stable with respect to any
polarization.
Proof a If F t∗(V ) is a trivial vector bundle on X for some t, then it is
semistable for any polarization. It follows that V itself is semistable with
respect to any polarization.
b) If V ∈ FT (X), then there exist
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1) a principal G-bundle
E → X
where G is a finite local group-scheme,and E is reduced [4]
2)
and a representation
σ : G→ GL(n), n = rank V,
such that V ∼= Vσ. It follows easily that subbundles W of V with µ(W ) =
µ(V ) are given by G subspacesW1 of k
n, hence if V ∈ FT (X) and stable with
respect to one polarization, then it is stable with respect to any polarization.
Definition 1.2: Fix positive integers r and t. Let S(X, r, t) denote the set
of isomorphism classes of stable vector bundles V on X such that rank V = r
and F t∗(V ) is trivial. We shall show that S(X, r, t) corresponds bijectively
to the closed points of a scheme M(X, r, t) defined over k.
Remark 3 :We recall that all fields are algebraically closed of characteristic
p and all curves are assumed smooth and projective.
Theorem :The following statements are equivalent.
1)
g : piloc(Xk′, x)→ pi
loc(Xk, x)×k speck
′.
is an isomorphism , for every k′ ⊃ k
2) S(X ; r, t) is a finite set , for all r and t.
3
3)For every k′ ⊃ k, every V ∈ S(Xk′; r, t, ) descends to X , i.e. is defined
over k.
Proof: Before we prove that the statements are equivalent, we discuss
in brief some generalities on Tannaka categories. Let C′ be the Tannaka
category of F -trivial vector bundles on Xk. Then C
′ is isomorphic to the
Tannaka category of rational, finite dimensional representations of piloc(X, x).
We consider the category C′
1
defined as follows:
a vector bundle V on Xk′ is an object of C
′
1
if there is an F -trivial vector
bundle V1 on Xk such that V is a degree zero subquotient of V1⊗k k
′ on Xk′.
The morphisms of C′
1
are vector bundle homomorphisms and it is easily seen
that with the tensor product of vector bundles as the tensor operation in the
category and the fibre functor which associates to a bundle V its fibre over
the base point x of Xk′, C
′
1
is a Tannaka category.
Let R′ denote the Tannaka category of rational, finite dimensional repre-
sentations of piloc(Xk, x)×k speck
′ over k′. We can define a functor from R′
to C′
1
as follows:
If V is an object of R′ namely a representation of piloc(Xk, x) ×k Speck
′,
then there is a finite, local group scheme G over k and a surjection piloc(Xk, x)→
G such that V is actually a representation of Gk′ = G×kspec k
′. The homo-
morphism piloc (Xk, x)→ G defines a principal G-bundle pi : E → Xk on Xk.
Let pi : Ek′ → Xk′ be the base change of this bundle to k
′ so that Ek′ → Xk′
is a principal Gk′ bundle. The representation V of Gk′ associates to this
principal bundle a vector bundle (which is F -trivial) denoted by V˜ . The Gk′
module V is a subquotient of k′[G]⊕n where k′[G] denotes the coordinate ring
of Gk′ (see). As k
′[G] = k[G]⊗k k
′ where k[G] denotes the coordinate ring of
G over k, if we let V1 be the vector bundle on Xk associated to the G-bundle
pi : E → Xk by the representation of G on k[G]
⊕n, we obtain that V˜ is a de-
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gree zero subquotient of V1⊗k k
′. Hence V˜ is an object of C′
1
. It is easily seen
that the functor from R′ to C′
1
defined as above is an equivalence of Tannaka
categories, so the affine group scheme associated to C′
1
is piloc (Xk, x)×k spec
k′.
Let D′ denote the Tannaka category of all F -trivial vector bundles on
Xk′. Since every object of C
′
1
is F−trivial C′
1
is a Tannaka subcategory of
D′. The affine group scheme associated to D′ is piloc (Xk′, x) and the functor
C′
1
CD′ induces the canonical homomorphism
g : piloc(Xk′, x)→ pi
loc(Xk, x)×k speck
′.
An application of Proposition 5, p.121 in [4] shows that g is surjective. Now
we prove 1) ,2) and 3) are equivalent.
1⇒ 3 If g is an isomorphism, then it is, in particular, a closed immersion,
and arguing as in Proposition (3.1) of [2], we see that any stable F -trivial
bundle over Xk′ descends to Xk.
3⇒ 1 We now assume that every stable F -trivial bundle on Xk′ is defined
over Xk. We have to show that g is a closed immersion. We use Proposition
(2.21) (b) in [] for this purpose. We have to show that any object
of D′, namely an F -trivial bundle on Xk′, is a subquotient of an object
of C′
1
. Since any F -trivial vector bundle on Xk′ is semistable, it has a filtra-
tion by stable F -trivial bundles on Xk′. By hypothesis, the stable F -trivial
bundles descend to Xk, and we are left with an extension of stable bundles.
For simplicity, let V be an object of D′, which is an extension.
0→ V1 → V → V2 → 0
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where V1 and V2 are stable F -trivial bundles on Xk′. The extension bundle
V defines an element of Ext1OX
k′
(V2, V1). However, we have
Ext1OX
k′
(V2, V1) = Ext
1
OXk
(V2, V1)⊗k k
′.
Thus, the element representing V in Ext1OX
k′
(V2, V1) can be written as
∑
i αiei,
where αi ∈ k
′ and ei ∈ Ext
1
OXk
(V2, V1). By the construction of Baer sum in
Ext1 (see Definition (3.4.4), p.78, in [5]), we see that
∑
αiei represent a
subquotient of extensions of V2 by V1 on Xk. Hence we obtain that V is a
subquotient of a F -trivial bundle defined over Xk. The case where there are
more than two stable factors in the stable filtration of V is similar.
2 ⇔ 3 Let Ot be the open subset of R
s (for the definition of Rs, see §4,
p.141 in [6]) defined by
Ot = {x ∈ R
s | F t∗(Ux) is semistable on X where F is the Frobenius of X}
. Let Yt be the closed subset of Ot defined by {y ∈ Ot | F
t∗Uy is trivial}
and we give it the reduced subscheme structure. As Ot is open and GL(N)
invariant in Rs, the quotient Ot/GL(W ) exist as a scheme. Since Yt is closed
and GL(N) invariant in Ot, the quotient Yt/GL(N) exists as a scheme, and
let this scheme be denoted by M(X, r, t). The k-rational points of M(X, r, t)
are in bijection with S(X, r, t). It is further clear that k′ ⊃ k the schemes
Ot, Yt and M(X, r, t) base change to the corresponding schemes over k
′. In
particular,
M(Xk′ , r, t) ∼= M(Xk, r, t)×k spec k
′.
In general, one always has
M(Xk′, r, t)(k) ⊂M(Xk′ , r, t)(k
′).
If strict equality holds, M(X, r, t) is the spectrum of an Artin ring on k. In
6
that case, every element of S(Xk′, r, t) is defined over k. Further, we see that
if every element of S(Xk′, r, t) is defined over k, then S(X, r, t) is finite. 
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